We study the cosmic expansion history of massive bigravity with a viable matter coupling which treats both metrics on equal footing. We derive the Friedmann equation for the effective metric through which matter couples to the two metrics, and study its solutions. For certain parameter choices, the background cosmology is identical to that of ΛCDM. More general parameters yield dynamical dark energy, which can still be in agreement with observations of the expansion history. We study specific parameter choices of interest, including minimal models, maximally-symmetric models, and a candidate partially-massless theory.
Introduction
Massive gravity and its bimetric extension, massive bigravity, provide a ghost-free generalization of general relativity in which the graviton is endowed with a nonvanishing mass [1] [2] [3] [4] [5] [6] [7] [8] [9] . These theories are carefully constructed to render nondynamical the Boulware-Deser (BD) ghost mode which plagues most nonlinear theories of a massive graviton [10] . Massive gravity necessarily introduces a second metric, often called the reference metric. In singlemetric massive gravity the reference metric is fixed (which is usually referred to as the de Rham-Gabadadze-Tolley theory, or dRGT), while in the bimetric extension the second metric is dynamical (also known as the Hassan-Rosen theory).
Depending on how matter couples to the two metrics, there are ambiguities when it comes to light propagation and physical observables [11, 12] . Most worryingly, many theories where matter couples to both metrics-for example, by coupling minimally to each-reintroduce the BD ghost [13] [14] [15] .
In a recent paper [15] , a matter coupling to both metrics was proposed which was shown to be ghost-free around cosmological backgrounds [16] (the status of the ghost in this specific coupling was also investigated in Refs. [16] [17] [18] ). This is achieved by coupling matter minimally to an effective metric constructed out of the two metrics appearing in the gravitational sector of the theory, regardless of whether the second metric is dynamical. This would alleviate the problem of constructing physical observables, as matter would move on geodesics of the effective metric. The proposal of Ref. [15] has been derived using complementary methods and extended to a multi-metric framework in Ref. [19] , while the cosmology of this new coupling has been investigated in the dRGT context in Refs. [20, 21] .
Phenomenological studies of singly-coupled bigravity have shown that the cosmological expansion and spherically-symmetric solutions give viable alternatives to general relativity [22] [23] [24] [25] [26] [27] [28] , but that instabilities arise at the perturbative level (as first shown in Ref. [29] , with [30] [31] [32] [33] [34] studying the problem in further detail and showing specific submodels and parameter choices that can avoid the instabilities). The singly-coupled theory also spoils the metric interchange symmetry present in vacuum; the kinetic and mass terms treat the metrics on equal footing, but this is broken when one couples matter to only one metric. It is therefore important to investigate other types of matter coupling that retain the metric interchange symmetry. The notion of double coupling-in which the same matter is coupled to both metrics, or each metric couples to a different type of matter-has been studied in Refs. [11, 12, 29, 32, 35, 36] .
In this paper, we study the background cosmology of massive bigravity when matter couples to the effective metric proposed in Ref. [15] . We show that the background expansion can asymptotically approach ΛCDM at both early and late times, and for certain parameter values is identical to ΛCDM always. At the background level, this type of coupling is therefore consistent with observations. In a future study, we will investigate whether this holds true for cosmological perturbations.
In section 2 we present the effective metric and the symmetries that are present in the action. In section 3 we derive the cosmological equations of motion and discuss their main features. A parameter scan of the minimal models, where only one of the interaction terms is nonvanishing, is performed in section 4. In section 5 we discuss some special parameter choices. We conclude in section 6.
Effective metric and coupling
The doubly-coupled bigravity action is given by
Here g and f are rank-2 tensor fields with Lorentzian signature, R (g) and R (f ) are their respective Ricci scalars, and e n are the elementary symmetric polynomials presented in Ref. [5] . The effective metric, first introduced in Ref. [15] , is defined by 1
As shown in appendix A, the effective metric is symmetric under the interchange g µν ↔ f µν and α ↔ β. This makes the entire action symmetric under the transformations
There is thus a duality between the two metrics present in the action which is spoiled when matter couples to only one of the metrics (taken by setting either α = 0 or β = 0). The action (2.1) contains two Planck masses (M g and M f ), five interaction parameters (β n , of which β 0 and β 4 are the cosmological constants for g and f , respectively), and two parameters describing how matter couples to each metric (α and β). The Planck masses and the coupling parameters α and β only enter observable quantities through their ratios. Moreover, one of those ratios is redundant: as described in appendix A, the action can be freely rescaled so that either M f /M g or β/α is set to unity. Therefore the physicallyrelevant parameters are β n and either M f /M g or β/α. In this paper we will rescale the Planck masses so that there is one effective gravitational coupling strength, M eff . We will also keep α and β explicit to make the α ↔ β symmetry manifest, but the reader should bear in mind that only their ratio matters physically. All observational constraints will be given solely in terms of β/α.
The Einstein equations have been derived in Ref. [37] and can be written in the form
The matrices Y andŶ depend on g −1 f and f −1 g, respectively, and are given in Ref. [5] . G µν g and G µν f have their indices raised with g µν and f µν , respectively. The stress-energy tensor T µν is defined with respect to the effective metric g eff as 6) and obeys the usual conservation equation
1 In Ref. [15] the effective metric is given in an explicitly symmetric form, but this is not needed since
, as first shown in Ref. [13] ; see also appendix A.
Friedmann equations and their solutions
To describe homogeneous and isotropic cosmologies, we specialize to the Friedmann-Lemaître-Robertson-Walker (FLRW) ansätze for both g µν and f µν , 2) where N g,f and a g,f are the lapses and scale factors, respectively, of the two metrics. As in general relativity, we can freely rescale the time coordinate to fix either N g or N f ; however, their ratio is gauge-invariant and will remain unchanged. The effective metric becomes
where the effective lapse and scale factor are related to those of the g and f metrics by
The equations of motion can be derived either directly from eqs. (2.4) and (2.5), or by plugging the FLRW ansätze into the action and varying with respect to the scale factors and lapses. Both approaches yield the same result. The second approach is described in appendix B. Here we just state the relevant equations. Defining
where
the Friedmann equations for the g and f metrics are
Here the energy density ρ is a function of the effective scale factor a, and we have defined the g-and f -metric Hubble rates as
Notice that the two Friedmann equations for H g and H f map into one another under the interchange β n → β 4−n , α ↔ β and g µν ↔ f µν (which sends H g ↔ H f , r → r −1 , and B 0 ↔ B 1 ), as expected from the properties of the action described in appendix A.
The stress-energy tensor is conserved with respect to the effective metric, so we immediately haveρ + 3ȧ a (ρ + p) = 0, (3.12) where the density, ρ, and pressure, p, are defined in the usual way from the stress-energy tensor. By taking the divergence of either Einstein equation with respect to the associated metric (e.g., taking the g-metric divergence of eq. (2.4)) and using the Bianchi identity and stress-energy conservation, we obtain the "Bianchi constraint"
In complete analogy with the singly-coupled case (obtained by setting α or β to zero), eq. (3.13) gives rise to two possible branches of solutions, one algebraic and one dynamical [22, 38, 39] . 2 In the singly-coupled case, setting the first bracket to zero gives an algebraic constraint on r that can be shown to give solutions that are indistinguishable from general relativity at all scales [22] . In the doubly-coupled theory, the presence of the pressure term makes the phenomenology of the algebraic branch richer, as discussed in appendix C.
As is most often done in singly-coupled bigravity models, [e.g., 22-26, 28, 30] , in the remainder of this paper we will restrict our study to solutions where the second bracket in eq. (3.13) vanishes, as these will turn out to be consistent with observational data. In this branch we have a dynamical constraint on the ratio between N f and N g :
This implies the simple relation H f r = H g . Furthermore, the physical Hubble rate H, defined as H ≡ȧ N a , (3.15)
Combining the two Friedmann equations, we obtain the evolution equations for H and r:
Equations (3.17) and (3.18) determine the expansion history completely and are invariant under β n → β 4−n , α ↔ β, r → r −1 . They have the same structure as in singly-coupled 2 In the singly-coupled theory, eq. (3.13) would be a constraint equation arising from the Bianchi identity and stress-energy conservation. When using the effective coupling, the stress-energy conservation holds with respect to the effective metric, rather than gµν or fµν . This gives rise to the pressure-dependent term in the left bracket. Due to this term, both branches-obtained by setting either bracket to zero-can be regarded as dynamical. We choose to adopt the terminology from the singly-coupled case here, however.
bigravity [24, 28] : there is a single Friedmann equation sourced by ρ and r, while r evolves according to an algebraic equation whose only time dependence comes from ρ. Notice that due to eq. (3.18) one can write eq. (3.17) in many different equivalent ways. It is therefore dangerous to directly identify the factors in front of ρ in eq. (3.17) as a timevarying gravitational constant, and the term proportional to m 2 as a dynamical dark energy component: both of these effects are present, but they cannot be straightforwardly separated from each other. From eq. (3.18), we see that as ρ → ∞ in the far past, either r → β/α or r → −α/β. One can show that if ρ ∼ a −p then H 2 ∼ a −2p/3 as r → −α/β. Since this scenario is observationally excluded, we will not consider this limit. 3 An interesting feature is that in the early Universe
Since the coefficient in front of ρ in the Friedmann equation during radiation domination can be probed by big bang nucleosynthesis, this could in principle be used to constrain the parameters of the theory. However, this will only work if the corresponding factor in front of ρ in local gravity measurements has a different dependence on α and β. Whether this will be the case or not will be the subject of future work.
In the far future, as ρ → 0, we have two possibilities. The first is that r goes to a constant r c , determined by
These models approach a de Sitter phase at late times (whether they self -accelerate is a subtle question which we address below), with a cosmological constant given by
The second possibility is that, for some parameter choices, |r| → ∞ such that the leadingorder β n term in eq. (3.18) exactly cancels the leading density term, r 4 ρ. It is unclear whether these solutions are viable; in this paper, we will restrict ourselves to solutions where r is asymptotically constant in the past and future, starting at r = β/α and ending with r = r c . This implies that a g and a f are proportional to one another in both the early and late Universe. Furthermore, as long as r does not exhibit any singular behavior, the evolution between r = β/α and r = r c is monotonic. This can be seen by taking a time derivative of eq. (3.18) and settingṙ = 0.
In the special case where r c = β/α, we see that r = β/α at all times, and the expansion history is identical to ΛCDM. This is a new feature of the doubly-coupled theory, as in the singly-coupled case, r c becomes zero in the presence of matter, which makes such a case trivially identical to general relativity. A constant r occurs in any model where the β n parameters and β/α are chosen to satisfy
which is simply eq. (3.20) with r c = β/α. An interesting implication of solutions with constant r is that, since eq. (3.14) implies N f /N g = da f /da g = r, the two metrics are conformally related, f µν = r 2 g µν . 4 4 Comparison to data: minimal models
In this section, we will compare the derived background expansion to observations and perform a parameter scan of the minimal models, in which only one of the β n is nonzero. Due to the duality property of the solutions, we only have to look at the β 0 , β 1 , and β 2 cases. We will restrict ourselves to positive β/α; in principle negative values could also be allowed, but we have not yet investigated the physical implications of these values. 5 The minimal models admit exact ΛCDM solutions when β/α = 0,
, 1 for the β 0 , β 1 , and β 2 cases, respectively, as evident from eq. (3.22).
Since we have so far calculated the equations of motion only for homogeneous backgrounds, we will limit this study to purely geometrical tests of the background expansion, including the redshift-luminosity relation of Type Ia supernovae (SNe) [40] , the observed angular scales of cosmic microwave background (CMB) anisotropies [41] , and baryon-acoustic oscillations (BAO) [42] [43] [44] . Since the latter two depend on the physical size of the sound horizon scale around the time when the CMB photons decoupled from the baryon plasma, we can cancel out this dependence by using only the ratio of the observed angular scales in the CMB and BAO [22, 45] . In this way, we obtain a cosmological probe that is highly insensitive to the physics of the early Universe, and almost exclusively sensitive to the expansion history of the Universe between z ∼ 1000 and today.
We can calculate the effective equation of state for the background model described in eqs. (3.17) and (3.18) using
Since in this paper we restrict ourselves to solutions where r approaches constant values in the infinite past and future, for matter-dominated models we are guaranteed to have an effective equation of state where w eff → 0 as a → 0 (ignoring radiation) and w eff → −1 as a → ∞, mimicking the asymptotic behavior of the ΛCDM model. Except for some special parameter choices which are exactly ΛCDM (see the discussion above, as well as section 5), we expect the model to deviate from the concordance model at all finite times. It is well-known that ΛCDM is able to provide an excellent fit to background expansion data, so we expect the success of the bimetric model to depend on how close the effective equation of state is to that of ΛCDM. All solutions that look exactly like ΛCDM will trivially be able to fit existing background expansion data. Note, however, that this does not mean that these models are equivalent to ΛCDM, since they may give different predictions for perturbations, i.e., when studying structure formation.
In fig. 1 , we study the β 0 model, i.e., when only β 0 is turned on. Notice, cf. eq. (3.17), that this model has no nontrivial interactions between the two metrics, so it deviates from ΛCDM only through the novel matter coupling. In the left panel of fig. 1 , we compare the effective equation of state for different values of β/α with that of ΛCDM. We fix Ω m = 0.3, where 2) and the subscript 0 indicates a value today. In the right panel of fig. 1 , we plot background constraints on Ω m and β/α. Note that the value of β 0 is set by the requirement that we have a flat geometry. Shaded contours show constraints from SNe and CMB/BAO data, respectively, corresponding to a 95% confidence level for two parameters. Combined constraints are shown with solid lines corresponding to 95% and 99.9% confidence levels for two parameters. As expected, when β/α → 0, the effective equation of state coincides with ΛCDM since this limit corresponds to the singly-coupled case where β 0 acts as a cosmological constant. Note also that as β/α is increased, so is the factor multiplying the matter density in the Friedmann equation, and therefore the preferred matter density, Ω m , becomes smaller. In fig. 2 we plot background constraints on the β 1 and β 2 models. Since we know that the values β/α =
and β/α = 1 give exact ΛCDM solutions for the β 1 -and β 2 - Figure 2 . Confidence contours for Ω m and β/α for the β 1 and β 2 minimal models as fitted to SNe, CMB, and BAO data. In each case, we are able to obtain as good a fit as the concordance ΛCDM model.
only models, respectively, we expect these values to provide good fits to the data. This is indeed the case, as can be seen in the plots. The β 2 model is especially interesting in this regard, as β/α = 1 corresponds to the case where the two metrics g µν and f µν give equal contributions to the effective metric (or M g = M f when using the f and g coupling strength framework described in appendix A). Notice that the β 2 model favors β > 0, as we would expect since the β 2 -only singly-coupled model is not in agreement with background data [24] (this model is also ruled out by theoretical viability conditions [26] ). One of the attractive features of the double coupling is that it allows sensible cosmological solutions with only one of the β n turned on. For more general combinations of the β n parameters, we expect the data to favor values that cluster around the value of β/α given by solving eq. (3.22), since this value yields an exact ΛCDM background expansion. We do not find it meaningful to do such a parameter scan at this moment, since it is only by including other probes, such as spherically symmetric solutions and cosmological perturbations, that we can exclude a larger part of the parameter space. However, in the next section, we discuss a few special cases that may turn out to be of particular interest for further investigations.
Special parameter cases

Partially-massless gravity
Partially-massless gravity is an interesting class of massive (bi)gravity theories where a new gauge symmetry might arise for the parameter choices [46, 47] 
This gauge symmetry would eliminate the helicity-0 mode of the massive graviton, removing both the discontinuity between the m → 0 limit of linearized massive gravity and general relativity [48, 49] and the fifth force which requires Vainshtein screening [50] to reconcile the theory with solar system tests. Moreover, this new gauge symmetry would protect a small cosmological constant against quantum corrections. For more on partially-massless gravity, see Ref. [51] , as well as Refs. [47, 52] , and references therein. In singly-coupled bigravity, the partially-massless parameter choices could only be imposed in vacuum; including matter forces r to be zero, which trivially reduces to general relativity. The nontrivial implications of the partially-massless scenario have been demonstrated for other doubly-coupled bigravity theories (see Ref. [11] , though note that the theory discussed therein appears to have a ghost [14, 15] ). Here we discuss this class in the context of the present doubly-coupled theory.
For the partially-massless parameter choices, eq. (3.18) implies that r = β/α, and the Friedmann equation becomes
This equation shows that the theory is equivalent to standard ΛCDM with an effective cosmological constant, m 2 β 0 /(α 2 + β 2 ), and a rescaled gravitational coupling for matter. The partially-massless parameter choice will therefore give a background expansion that is identical to general relativity. Notice that this is a qualitatively new feature as compared to the singly-coupled theory. Doubly-coupled bigravity with the parameters (5.1) is thus a strong candidate partiallymassless theory of gravity. In the context of single-metric (dRGT) massive gravity, with matter coupled only to the dynamical metric, this parameter choice leads to a theory which is not partially massless and in fact suffers from an infinitely strongly-coupled helicity-0 mode [53] . If doubly-coupled bigravity is shown to possess the partially-massless gauge symmetry nonlinearly and around all backgrounds, it should automatically become one of the most interesting available theories of gravity beyond general relativity.
Vacuum energy and the question of self-acceleration
One of the primary motivations for modifying general relativity is the possibility of having self-accelerating solutions, i.e., cosmologies which accelerate at late times even in the absence of a cosmological constant or vacuum energy contribution. In general relativity, as well as in singly-coupled bigravity, these two are degenerate: vacuum energy and a cosmological constant may have different origins, but they are mathematically indistinguishable. In bigravity with matter coupled to the effective metric, however, this question becomes rather subtle, as the vacuum energy from the matter sector produces more than just the cosmological constant terms for g µν and f µν , which are equivalent to β 0 and β 4 .
Matter loops will generate a term of the form √ − det g eff Λ v . As shown in Ref. [15] , the determinant of the effective metric is in fact a subset of the ghost-free interaction potential, with specific parameter choices for the β n . This line of reasoning is partly what motivated Refs. [15, 19] to consider this specific form of g eff µν in the first place. In particular, the determinant has the property that
we see that a pure vacuum energy contribution can be written in the form of the bigravity interaction potential with parameters
Let us assume that the β n parameters take this particular form, i.e., the only metric interactions arise from matter loops. The quartic equation (3.18) can then be solved only if r = β/α (or ρ = −M 2 eff Λ v ), and the Friedmann equation becomes
Equations (5.5) and (5.6) reduce to the known expression for the ΛCDM solutions with a cosmological constant proportional to either β 0 or β 4 in the singly-coupled limit (where either β → 0 or α → 0). It is of course not surprising that matter loops lead to an accelerating expansion. However, the appearance of the vacuum energy in all the bigravity interaction terms has novel implications. First, because the vacuum energy contributes to all the interaction terms, the mass scale m is not protected against quantum corrections from matter loops [15] . Therefore, any values we obtain for these parameters from comparison of the theory to observations must be highly fine-tuned. 6 This is in contrast to singly-coupled bigravity, in which the only parameter that receives contributions from quantum loops is β 0 (if one couples matter to g µν ), just as in general relativity where the cosmological constant is unstable in the presence of matter fields. In the singly-coupled theory, the scale m and the structure of the interaction potential are stable to quantum corrections [54, 55] , a very useful fact which is lost once we couple matter to g eff µν . The other implication is that self-accelerating solutions are no longer straightforward to define in this theory. Typically, self-acceleration refers to cosmologies which accelerate at late times even when the vacuum energy is set to zero. Since in general relativity and singly-coupled bigravity, there is a single parameter which is degenerate with the vacuum energy (Λ in the former and β 0 or β 4 in the latter), one can simply set its value to zero and look for other accelerating solutions. In the present doubly-coupled theory, however, all interaction terms are degenerate with the vacuum energy: given an interaction potential, there is no way to unambiguously determine the value of Λ v . In that respect, we cannot set some of the parameters to zero in order to restrict ourselves to accelerating solutions arising from nonvacuum, massive-gravity interaction terms (unless we set all the parameters to zero, which will give uninteresting solutions). Therefore, from a particle physics point of view our theory lacks self-accelerating solutions.
Maximally-symmetric model
The parameter values β 0 = β 4 , β 1 = β 3 , and α = β are special in the sense that they map a solution to itself under the transformation g µν ↔ f µν , β n → β 4−n , α ↔ β (vacuum solutions for this model were previously studied in Ref. [52] ). Thus this theory is maximally symmetric between the two metrics; they appear in the theory in completely equal ways. Eq. (3.18) becomes
The exact ΛCDM solution in this case is, as expected, given by r = 1. (Indeed, the two metrics are completely equal, g µν = f µν , due to the Bianchi constraint N f /N g = da f /da g = 1.) The second order polynomial for r in brackets gives two solutions, which are inverses of one another. This is expected, since when g µν ↔ f µν we have r → r −1 .
Conclusions
In this paper we have presented the main features of the background expansion for massive bigravity with matter "doubly coupled" to both metrics through an effective metric, given by g
This coupling was introduced in Refs. [15, 19] , and has been further discussed in Refs. [16-18, 20, 21] . The expansion history is described by eqs. (3.17) and (3.18),
where B 0 and B 1 are defined in eqs. (3.6) and (3.7). The first of these is the Friedmann equation for the effective metric, and the second algebraically describes the evolution of r = a f /a g , the ratio of the f -and g-metric scale factors. One can always choose the parameters of the theory such that the background expansion is exactly that of ΛCDM; any parameter choice which leads to r = β/α in eq. (6.3) will have this behavior. For more general parameter values, the background expansion will deviate from ΛCDM, but may still be consistent with observational data. In section 4 we place constraints on the models with only β 0 , β 1 , or β 2 nonzero. The other single-parameter models-with β 3 or β 4 nonzero-are then automatically included in this analysis due to the duality between solutions under g µν ↔ f µν , β n → β 4−n and α ↔ β, as described in appendix A. A novel feature of the effective coupling studied here is that g µν and f µν can be conformally related in the presence of matter at the background level. In the singly-coupled case, this is only possible in vacuum, where the solutions are de Sitter. A special case is the parameter choice leading to a candidate partially-massless theory, a theory that potentially has a novel gauge symmetry which would eliminate the problematic fifth force and protect a small vacuum energy against quantum corrections. In this case the background is identical to ΛCDM in the presence of matter. This suggests that doubly-coupled bigravity is a promising candidate for a theory of partially-massless gravity.
Concerning the perturbations, since singly-coupled bigravity tends to be unstable for small r [30] , there is hope that these doubly-coupled models will have better stability properties as r is always nonzero and can be made to have an arbitrarily large minimum value.
On the whole, the matter coupling studied in this paper has several advantages. Notably, it retains the metric interchange symmetry and has a straightforward physical interpretation. Since this coupling is phenomenologically viable when it comes to the background expansion, we belive that other phenomenological studies are well-motivated.
A Transformation properties of the action
Here we describe the transformation properties of the action and how they determine the number of physically-relevant parameters.
A.1 Rescaling the action
We write the action as
is the interaction potential, which satisfies
Due to this property, the action is invariant under where Lorentz indices are raised and lowered with the Minkowski metric. It is likely, though it has not yet been proven, that this condition holds for all physically relevant cases. In four dimensions, it holds when g −1 f has a real square root (this was proven in Ref. [56] , where it was conjectured that this result is valid also in higher dimensions). Assuming this condition, then it has been shown [57] that the square root matrix is given by
The inverse of this is clearly
The form of the inverse then implies
which will be a useful property when showing the symmetry of the effective metric. We also have
In order to show that gX = X T g, we must thus have
Notice that this is not exactly the same as eq. (A.18), since in the first case we contract over spacetime indices, whereas here we have contracted over Lorentz indices. The two symmetry conditions are, however, equivalent, as discussed in detail in Ref. [58] . An alternative way of seeing that gX = X T g is as follows. Since
But f = gX 2 , so eq. (A.26) can also be written gX 3 = X T gX 2 , which implies .27) Using this property it is straightforward to show that the effective metric is symmetric under the interchange of the two metrics. The effective metric we study was introduced in Ref. [15] in the form g
Due to the symmetry property (A.27), we can write this without the explicit symmetrization, g
Suppose now that we do the transformation
The effective metric becomes
However,
(This property was used in the original construction of the interaction potential in Ref. [5] .) Combining this with eq. (A.22) we get
Applying this to eq. (A.31) we see that the effective metric is invariant under the duality transformation. This ensures that the entire Hassan-Rosen action treats the two metrics on entirely equal footing when using the effective coupling. Note that this duality does not hold for the single-metric (dRGT) massive gravity with the effective metric, as it is broken in the kinetic sector.
B Deriving the equations of motion
In this appendix we derive the cosmological equations by directly varying the Lagrangian, rather than using the full Einstein equations. The Einstein equations with this matter coupling are highly nontrivial to derive [37] , so this method provides a good check. We employ the scaling given in eq. (A.12) to replace M g and M f with a single coupling M eff . The gravitational Lagrangian in an FLRW universe is
The equations of motion are given by varying the Lagrangian with respect to N g , a g , N f , and a f . We define the pressure by
Using the definitions presented in section 3, together with
the equations of motion are
with r ≡ a f /a g , we can derive the following conditions from the equations of motion: Besides being a consequence of the equations of motion, the continuity equation for ρ is also implied in our definition of pressure (B.2).
C Algebraic branch
In this section, without any ambition to examine all possible solutions, we briefly outline some of the properties of a few specific solutions on the algebraic branch of the Bianchi constraint (3.13). Setting the first bracket of eq. (3.13) to zero, we get which is solved by a constant r = r c . Because r is constant, the mass terms in the two Friedmann equations become constant, so H g and H f are determined by Friedmann equations containing effective cosmological constants. These do not, however, necessarily lead to a ΛCDM cosmology for the effective metric. Using the fact that a = (α + βr c ) a g = (α/r c + β) a f , we can show that the observed Hubble rate, H =ȧ/(aN ), for a constant r is given by
We see that if the ratio N f /N g is constant, the solutions on this branch contain an exact cosmological constant (at least at the background level) given by a combination of the metric interaction terms. If that ratio varies, then the observed Hubble rate will deviate from ΛCDM. We can write the ratio of the lapses as We see that r picks up a time dependence due to the pressure. This could have interesting phenomenological consequences, which we will not discuss here. An exception is the special parameter choice i.e., p is fixed to a constant, parameter-dependent value. This would correspond to a vacuum-type energy, w = −1, with a specific density and pressure. If the Universe contains any matter beyond that, then this algebraic branch is inconsistent and solutions will pick out the dynamical branch of the Bianchi constraint instead. A special case when p = 0 is if the equation of state is exactly w = −1/3, i.e., pure curvature, for which the right hand side of eq. (C.1) becomes constant. A nontrivial solution to this for β 1 = β 2 = 0 is to have a constant a f , i.e., massive gravity in which the f -metric is fixed, as discussed in Refs. [20, 21] .
